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BISHOP-PHELPS-BOLLOBA´S PROPERTY FOR POSITIVE
OPERATORS WHEN THE DOMAIN IS L
∞
MARI´A D. ACOSTA AND MARYAM SOLEIMANI-MOURCHEHKHORTI
Abstract. We prove that the class of positive operators from L∞(µ) to Y has the Bishop-Phelps-
Bolloba´s property for any positive measure µ, whenever Y is a uniformly monotone Banach lattice
with a weak unit. The same result also holds for the pair (c0, Y ) for any uniformly monotone Banach
lattice Y. Further we show that these results are optimal in case that Y is strictly monotone.
1. Introduction
In 1961 Bishop and Phelps proved that every continuous linear functional on a
Banach space can be approximated by norm attaining functionals [10]. Since then
a lot of attention has been devoted to extend Bishop-Phelps theorem in the setting
of operators on Banach spaces (see [2]). On the other hand Bolloba´s proved a
“quantitative version” of that result in 1970 [11]. Before stating this result we
introduce some notation. By BX , SX and X
∗ we denote the closed unit ball, the
unit sphere and the topological dual of a Banach space X, respectively. If X and
Y are both real or complex Banach spaces, L(X, Y ) denotes the space of (bounded
linear) operators from X to Y, endowed with its usual operator norm.
Bishop-Phelps-Bolloba´s theorem (see [12, Theorem 16.1] or [13, Corollary 2.4]).
Let X be a Banach space and 0 < ε < 1. Given x ∈ BX and x
∗ ∈ SX∗ with
|1 − x∗(x)| < ε
2
2
, there are elements y ∈ SX and y
∗ ∈ SX∗ such that y
∗(y) = 1,
‖y − x‖ < ε and ‖y∗ − x∗‖ < ε.
In 2008, Acosta, Aron, Garc´ıa and Maestre defined the Bishop-Phelps-Bolloba´s
property for operators between Banach spaces [4].
Definition 1.1 ([4, Definition 1.1]). Let X and Y be either real or complex Banach
spaces. The pair (X, Y ) is said to have the Bishop-Phelps-Bolloba´s property for
operators if for every 0 < ε < 1 there exists 0 < η(ε) < ε such that for every
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S ∈ SL(X,Y ), if x0 ∈ SX satisfies ‖S(x0)‖ > 1 − η(ε), then there exist an element
u0 ∈ SX and an operator T ∈ SL(X,Y ) satisfying the following conditions
‖T (u0)‖ = 1, ‖u0 − x0‖ < ε and ‖T − S‖ < ε.
Since then a number of interesting results related to this property have been
obtained (see [3]).
Very recently in [8], the authors introduced the notion of Bishop-Phelps-Bolloba´s
property for positive operators between two Banach lattices. Let us mention that
the only difference between this property and the previous one is that in the new
property the operators appearing in Definition 1.1 are positive. In the same paper
it is proved that the pairs (c0, L1(ν)) and (L∞(µ), L1(ν)) have the Bishop-Phelps-
Bolloba´s property for positive operators for any positive measures µ and ν (see [8,
Theorems 3.1 and 2.5]).
In this paper we show a far reaching extension of those results. More precisely
we prove that the pair (c0, Y ) has the Bishop-Phelps-Bolloba´s property for positive
operators whenever Y is a uniformly monotone Banach lattice (see Corollary 3.3).
We also show that the pair (L∞(µ), Y ) has the Bishop-Phelps-Bolloba´s property for
positive operators for any positive measure µ if Y is a uniformly monotone Banach
lattice with a weak unit (see Corollary 2.6). Notice that the last assumption is very
mild. For instance, separable Banach lattices have a weak unit (see [9, Lemma 3, p.
367]).
We also remark that not every Banach function space Y satisfies that the pair
(c0, Y ) has the Bishop-Phelps-Bolloba´s property for positive operators (see [8, Ex-
ample 3.2]). It is worth also to mention that it is not known whether or not the pair
(c0, ℓ1) has the Bishop-Phelps-Bolloba´s property for operators in the real case. For
some partial results when the domain is c0 see [15],[7], [6] and [5]. The paper [16]
contains a positive result for the pair (L∞(µ), Y ), whenever Y is a uniformly convex
Banach space.
In the last section of the paper we show under very mild assumptions that anytime
that a pair of Banach lattices (X, Y ) has the BPBp for positive operators, then Y
is indeed uniformly monotone, whenever X admits non trivial M -summands and
Y is strictly monotone (see Proposition 4.3). As a consequence, the geometrical
assumption on the range space Y in the main results of sections 2 and 3 are optimal
in case that Y is strictly monotone (see Corollary 4.4).
We remark that throughout this paper we consider only real Banach spaces.
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2. Bishop-Phelps-Bolloba´s property for positive operators from L∞
to a uniformly monotone Banach lattice
We begin by recalling some definitions and the appropriate notion of Bishop-
Phelps-Bolloba´s property for positive operators. For the terminology and basic
facts related to Banach lattices see, for instance, [1], [9] and [17].
An ordered vector space is a real vector space X equipped with an order relation
≤ that is compatible with the algebraic structure of X. An ordered vector space is
a Riesz space if every pair of vectors has a least upper bound and a greatest lower
bound. A norm ‖ ‖ on a Riesz space X is said to be a lattice norm whenever
|x| ≤ |y| implies ‖x‖ ≤ ‖y‖. A normed Riesz space is a Riesz space equipped with a
lattice norm. A Banach lattice is a normed Riesz space whose norm is complete. A
positive element e in a Banach lattice X is a weak unit if x ∧ e = 0 for some x ∈ X
implies that x = 0.
A Banach lattice E is uniformly monotone if for every ε > 0 there is δ(ε) > 0 such
that whenever x ∈ SE, y ∈ E and x, y ≥ 0 the condition ‖x+ y‖ ≤ 1 + δ(ε) implies
that ‖y‖ ≤ ε. A Banach lattice X is said to be order continuous whenever (xα) ↓ 0
in X implies (‖xα‖)→ 0.
In case that (Ω, µ) is a measure space, we denote by L0(µ) the space of (equivalence
classes of µ-a.e. equal) real valued measurable functions on Ω. We say that a Banach
space X is a Banach function space on (Ω, µ) if X is an ideal in L0(µ) and whenever
x, y ∈ X and |x| ≤ |y| a.e., then ‖x‖ ≤ ‖y‖.
An operator T : X → Y between two ordered vector spaces is called positive if
x ≥ 0 implies Tx ≥ 0.
Let us notice that in case that Y is a uniformly monotone Banach lattice it follows
from the definition that the function δ satisfies δ(t) ≤ t for every positive real t.
Definition 2.1 ([8, Definition 2.2]). Let X and Y be Banach lattices. The pair
(X, Y ) is said to have the Bishop-Phelps-Bolloba´s property for positive operators if
for every 0 < ε < 1 there exists 0 < η(ε) < ε such that for every S ∈ SL(X,Y ), such
that S ≥ 0, if x0 ∈ SX satisfies ‖S(x0)‖ > 1 − η(ε), then there exist an element
u0 ∈ SX and a positive operator T ∈ SL(X,Y ) satisfying the following conditions
‖T (u0)‖ = 1, ‖u0 − x0‖ < ε and ‖T − S‖ < ε.
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Remark 2.2. In case that the pair (X, Y ) satisfies the previous definition, if the
element x0 is positive, then the element u0 can also be chosen positive.
Proof. Assume that (X, Y ) has the BPBp for positive operators and assume that
S ∈ SL(X,Y ) and x0 ∈ SX satisfy the assumptions in Definition 2.1 and x0 is also
positive. So there exists a pair (T, u0) ∈ SL(X,Y ) × SX such that T is positive and
satisfying
‖T (u0)‖ = 1, ‖u0 − x0‖ < ε and ‖T − S‖ < ε.
We will check that the positive element |u0| also satisfies the desired conditions.
Notice that from triangle inequality we have ‖|u0|−|x0|‖ ≤ ‖u0−x0‖ < ε, so since
x0 is positive we conclude ‖|u0| − x0‖ ≤ ‖u0 − x0‖ < ε. On the other hand since
the operator T is positive, |T (u0)| ≤ T (|u0|). Hence 1 = ‖T (u0)‖ ≤ ‖T (|u0|)‖ ≤
‖T‖ = 1, so ‖T (|u0|)‖ = 1. Therefore the element |u0| ∈ SX satisfies the desired
conditions. 
Next we show some technical results that will be useful later. Throughout the rest
of the section, if (Ω, µ) is a measure space, we denote by 1 the constant function
equal to 1 on Ω. Since an element f in BL∞(µ) satisfies that |f | ≤ 1 a.e., it is clear
that a positive operator from L∞(µ) to any other Banach lattice satisfies the next
assertion.
Lemma 2.3. Let µ be a positive measure and T a positive operator from L∞(µ) to
some Banach lattice Y. Then ‖T‖ = ‖T (1)‖.
The next result extends [8, Lemma 2.4], where the analogous result was proved
for L1(µ).
Lemma 2.4. Let Y be a uniformly monotone Banach function space and 0 < ε < 1.
Assume that f1 and f2 are positive elements in Y such that
‖f1 + f2‖ ≤ 1 and
1
1 + δ(ε3)
≤ ‖f1 − f2‖,
where δ is the function satisfying the definition of uniform monotonicity for Y. Then
there are two positive functions h1 and h2 in Y with disjoint supports satisfying that
‖h1 + h2‖ = 1 and ‖hi − fi‖ < ε for i = 1, 2.
Proof. Assume that Y is a Banach function space on the measure space (Ω, µ). We
consider the partition of Ω given by the following sets
C1 = {t ∈ Ω : f2(t) ≤ f1(t)} and C2 = {t ∈ Ω : f1(t) < f2(t)}.
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Clearly C1 and C2 are measurable sets. The function h given by h = 2
(
f1χC2+f2χC1)
belongs to Y since Y is a Banach function space on (Ω, µ). It is also clear that h is
positive and it is satisfied that
(2.1) |f1 − f2|+ h = f1 + f2.
Clearly we have that
‖f1 + f2‖ ≤ 1 ≤
(
1 + δ
(ε
3
))
‖f1 − f2‖
=
(
1 + δ
(ε
3
))
‖ |f1 − f2| ‖.
So from (2.1) it follows that
‖h‖ ≤
ε
3
∥∥|f1 − f2|
∥∥ = ε
3
‖f1 − f2‖ ≤
ε
3
‖f1 + f2‖ ≤
ε
3
.
As a consequence
(2.2) ‖f1χC2‖ ≤
ε
6
and ‖f2χC1‖ ≤
ε
6
.
Now define gi = fiχCi for i = 1, 2. Notice that g1 and g2 are positive functions with
disjoint supports, belong to Y and also satisfy
(2.3) ‖g1 + g2‖ ≤ 1.
By (2.2) the function g1 satisfies
(2.4) ‖g1 − f1‖ = ‖f1χC1 − f1‖ = ‖f1χC2‖ ≤
ε
6
.
By using the same argument we also obtain that
(2.5) ‖g2 − f2‖ ≤
ε
6
.
It is also satisfied that
‖g1 + g2‖ ≥ ‖f1 + f2‖ − ‖f1 − g1‖ − ‖f2 − g2‖
≥ ‖f1 − f2‖ −
ε
3
(by (2.4) and (2.5))
≥
1
1 + δ(ε3)
−
ε
3
(2.6)
≥
1
1 + ε
3
−
ε
3
> 0.
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For i = 1, 2 we can define the function hi by hi =
gi
‖g1+g2‖
. Clearly h1 and h2 are
positive functions in Y with disjoint supports satisfying also that ‖h1 + h2‖ = 1.
For i = 1, 2 we also have that
‖hi − gi‖ =
∥∥∥ gi
‖g1 + g2‖
− gi
∥∥∥
=
‖gi‖
‖g1 + g2‖
∣∣1− ∥∥g1 + g2
∥∥ ∣∣
≤ 1−
∥∥g1 + g2
∥∥ (by (2.3))(2.7)
≤ 1−
1
1 + δ(ε3)
+
ε
3
(by (2.6))
<
2ε
3
.
By using (2.7), (2.4) and (2.5) we can estimate the distance between hi and fi for
i = 1, 2 as follows
‖hi − fi‖ ≤ ‖hi − gi‖+ ‖gi − fi‖ <
2ε
3
+
ε
6
< ε.
This finishes the proof. 
Theorem 2.5. The pair (L∞(µ), Y ) has the Bishop-Phelps–Bolloba´s property for
positive operators, for any positive measure µ, whenever Y is a uniformly monotone
Banach function space. The function η satisfying Definition 2.1 depends only on the
modulus of uniform monotonicity of Y .
Proof. Assume that (Ω1, µ) is a measure space and Y is a Banach function space
on (Ω2, ν). Let 0 < ε < 1 and δ be the function satisfying the definition of uniform
monotonicity for the Banach function space Y. Choose a real number η such that
0 < η = η(ε) < ε18 and satisfying also
(2.8)
1
1 + δ( ε18)
<
1
1 + δ(η2)
− 3η.
Assume that f0 ∈ SL∞(µ), S ∈ SL(L∞(µ),Y ) and S is a positive operator such that
‖S(f0)‖ >
1
1 + δ(η2)
.
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We can assume without loss of generality that |f0| ≤ 1. We define the sets A,B and
C given by
A = {t ∈ Ω1 : −1 ≤ f0(t) < −1 + η}, B = {t ∈ Ω1 : 1− η < f0(t) ≤ 1}
and
C = {t ∈ Ω1 : |f0(t)| ≤ 1− η}.
Clearly {A,B, C} is a partition of Ω1 into measurable sets. We clearly have that
|f0|+ ηχC ∈ SL∞(µ). By using that S is a positive operator we have that
‖S(|f0|+ ηχC)‖ ≤ 1
< ‖S(f0)‖
(
1 + δ(η2)
)
≤ ‖S(|f0|)‖
(
1 + δ(η2)
)
.
In view of the uniform monotonicity of Y the previous inequality implies that
‖S(ηχC)‖ ≤ η
2 and so
(2.9) ‖S(χC)‖ ≤ η.
From the definition of the sets A and B we have that ‖χA + f0χA‖∞ ≤ η and
‖f0χB − χB‖∞ ≤ η and so
(2.10) ‖S(χA) + S(f0χA)‖ ≤ η and ‖S(f0χB)− S(χB)‖ ≤ η.
We clearly obtain that
‖S(χB)− S(χA)‖ ≥ ‖S(f0χB) + S(f0χA)‖ − ‖S(f0χB)− S(χB)‖ − ‖S(χA) + S(f0χA)‖
≥ ‖S(f0)‖ − ‖S(f0χC)‖ − 2η (by (2.10))
>
1
1 + δ(η2)
− ‖S(χC)‖ − 2η(2.11)
≥
1
1 + δ(η2)
− 3η (by (2.9))
>
1
1 + δ( ε18)
.
Since S is a positive operator and ‖S(χA) + S(χB)‖ ≤ 1, in view of (2.11) we can
apply Lemma 2.4. Hence there are two positive functions h1 and h2 in Y satisfying
the following conditions
(2.12) ‖h1 − S(χA)‖ <
ε
6
, ‖h2 − S(χB)‖ <
ε
6
,
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(2.13) supp h1 ∩ supp h2 = ∅ and ‖h1 + h2‖ = 1.
Hence
‖S(χA)χΩ2\supp h1‖ = ‖
(
h1 − S(χA)
)
χΩ2\supp h1‖
≤ ‖h1 − S(χA)‖(2.14)
<
ε
6
(by (2.12))
and
‖S(χB)χΩ2\supp h2‖ = ‖
(
h2 − S(χB)
)
χΩ2\supp h2‖
≤ ‖h2 − S(χB)‖(2.15)
<
ε
6
(by (2.12)).
Now we define the operator U : L∞(µ) −→ Y as follows
U(f) = S(fχA)χsupp h1 + S(fχB)χsupp h2 (f ∈ L∞(µ)).
Since Y is a Banach function space and S ∈ L(L∞(µ), Y ), U is well defined and
belongs to L(L∞(µ), Y ). The operator U is positive since S is positive. It also
satisfies that
‖U − S‖ = sup
{
‖S(fχA)χΩ2\supp h1 + S(fχB)χΩ2\supp h2 + S(fχC)‖ : f ∈ BL∞(µ)
}
≤ sup
{
‖S(fχA)χΩ2\supp h1‖+ ‖S(fχB)χΩ2\supp h2)‖+ ‖S(fχC)‖ : f ∈ BL∞(µ)
}
≤ ‖S(χA)χΩ2\supp h1‖+ ‖S(χB)χΩ2\supp h2)‖+ ‖S(χC)‖
(2.16)
<
ε
3
+ η <
ε
2
(by (2.14), (2.15) and (2.9)).
Hence
(2.17) |‖U‖ − 1| <
ε
2
,
so U 6= 0.
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Finally we define T = U‖U‖. Since U is a positive operator, T is also positive. Of
course T ∈ SL(L∞(µ),Y ) and also satisfies
‖T − S‖ ≤ ‖T − U‖+ ‖U − S‖
<
∥∥∥ U
‖U‖
− U
∥∥∥+ ε
2
(by (2.16))(2.18)
=
∣∣1− ‖U‖∣∣+ ε
2
< ε (by (2.17)).
The function f1 given by f1 = χB−χA+ f0χC belongs to SL∞(µ) and satisfies that
(2.19) ‖f1 − f0‖∞ = ‖χB − χA + f0χC − f0‖∞ ≤ η < ε.
We clearly have that
U(f1) = U(χB − χA + f0χC) = S(χB)χsuph2 − S(χA)χsuph1.
Since U is a positive operator it satisfies that
‖U‖ = ‖U(1)‖ = ‖S(χA)χsupp h1 + S(χB)χsupp h2‖.
For each t ∈ Ω2 we obtain that∣∣(U(1))(t)∣∣ = ∣∣(S(χA)χsuph1 + S(χB)χsuph2
)
(t)
∣∣
=
∣∣(−S(χA)χsuph1 + S(χB)χsuph2
)
(t)
∣∣ (by (2.13))
=
∣∣(U(χB − χA + f0χC
)
(t)
∣∣|
=
∣∣(U(f1)
)
(t)
∣∣.
Since Y is a Banach function space we conclude that
‖U‖ = ‖U(1)‖ = ‖U(f1)‖.
By (2.19) and (2.18), since T attains its norm at f1, the proof is finished 
The previous result was proved in [8, Theorem 2.5] in case that the range is a L1
space, so Theorem 2.5 is already a far reaching extension of that result.
Our purpose now is to obtain a version of Theorem 2.5 for some abstract Banach
lattices. In order to get this result, we notice that every uniformly monotone Banach
lattice is order continuous (see [9, Theorem 21, p. 371] and [17, Proposition 1.a.8]).
It is also known that any order continuous Banach lattice with a weak unit is order
isometric to a Banach function space (see [17, Theorem 1.b.14]). From Theorem 2.5
and the previous argument we deduce the following result.
10 M.D. ACOSTA AND M. SOLEIMANI
Corollary 2.6. The pair (L∞(µ), Y ) has the Bishop-Phelps-Bolloba´s property for
positive operators, for any positive measure µ, whenever Y is a uniformly monotone
Banach lattice with a weak unit. Moreover, the function η satisfying Definition 2.1
depends only on the modulus of uniform monotonicity of Y .
3. Bishop-Phelps–Bolloba´s property for positive operators in case
that the domain is c0.
In this section we show parallel results to Theorem 2.5 and Corollary 2.6 in case
that the domain space is c0. We begin with a technical result whose proof is straight-
forward.
Lemma 3.1. Let Y be a Banach lattice and T ∈ L(c0, Y ) be a positive operator.
Then the following assertions are satisfied:
1) ‖T‖ = sup{‖T (
∑n
k=1 ei)‖ : n ∈ N} = sup{‖T (
∑n
k=1 ei)‖ : n ≥ N}, for all
positive integer N.
2) sup{‖T (xχC)‖ : x ∈ Bc0} = sup{‖T (χC∩{k∈N:k≤n})‖ : n ∈ N, n ≥ N} for all
C ⊂ N and all positive integer N.
Theorem 3.2. The pair (c0, Y ) satisfies the Bishop-Phelps–Bolloba´s property for
positive operators, for any uniformly monotone Banach function space Y. Moreover,
the function η satisfying Definition 2.1 depends only on the modulus of uniform
monotonicity of Y .
Proof. The proof of this result is similar to the proof of Theorem 2.5. We include
the details of the proof for the sake of completeness.
Assume that Y is a Banach function space on the measure space (Ω, µ).
Let 0 < ε < 1, and assume that Y satisfies the definition of uniform monotonicity
with the function δ. Choose a positive real number such that η < ε
18
satisfying also
(3.1)
1
1 + δ( ε
18
)
<
1
1 + δ(η2)
− 3η.
Assume that x0 ∈ Sc0, S ∈ SL(c0,Y ) and S is a positive operator such that
‖S(x0)‖ >
1
1 + δ(η2)
.
Consider the sets A,B and C defined by
A = {k ∈ N : −1 ≤ x0(k) < −1 + η}, B = {k ∈ N : 1− η < x0(k) ≤ 1}
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and
C = {k ∈ N : |x0(k)| ≤ 1− η}.
Clearly {A,B, C} is a partition of N. Also the subsets A and B are finite sets, so χA
and χB belong to c0. For a positive integer n denote by Cn = C ∩ {k ∈ N : k ≤ n}.
We clearly have that |x0| + ηχCn ∈ Sc0 for all n ∈ N. Since S is a positive operator
for each positive integer n it is satisfied that
‖S(|x0|+ ηχCn)‖ ≤ 1
< ‖S(x0)‖
(
1 + δ(η2)
)
≤ ‖S(|x0|)‖
(
1 + δ(η2)
)
.
In view of the uniform monotonicity of Y the previous inequality implies that
‖S(ηχCn)‖ ≤ η
2 for all n ∈ N and so
‖S(χCn)‖ ≤ η, ∀n ∈ N.
From Lemma 3.1 we deduce that
(3.2) ‖S(xχC)‖ ≤ sup{‖S(χCn)‖ : n ∈ N} ≤ η, ∀x ∈ Bc0.
From the definition of the sets A and B we also have that ‖χA+ x0χA‖∞ ≤ η and
‖x0χB − χB‖∞ ≤ η, so
(3.3) ‖S(χA) + S(x0χA))‖ ≤ η and ‖S(x0χB)− S(χB)‖ ≤ η.
We clearly obtain that
‖S(χB)− S(χA)‖ ≥ ‖S(x0χB) + S(x0χA)‖ − ‖S(x0χB)− S(χB)‖ − ‖S(χA) + S(x0χA)‖
≥ ‖S(x0)‖ − ‖S(x0χC)‖ − 2η (by (3.3))
>
1
1 + δ(η2)
− ‖S(x0χC)‖ − 2η(3.4)
≥
1
1 + δ(η2)
− 3η (by (3.2))
>
1
1 + δ( ε
18
)
.
Since S is a positive operator and ‖S(χA) + S(χB)‖ ≤ 1, in view of (3.4) we can
apply Lemma 2.4. Hence there are two positive functions g1 and g2 in Y satisfying
the following conditions
(3.5) ‖g1 − S(χA)‖ <
ε
6
, ‖g2 − S(χB)‖ <
ε
6
,
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(3.6) supp g1 ∩ supp g2 = ∅ and ‖g1 + g2‖ = 1.
Hence
‖S(χA)χΩ\supp g1‖ = ‖
(
g1 − S(χA)
)
χΩ\supp g1‖
≤ ‖g1 − S(χA)‖(3.7)
<
ε
6
. (by (3.5))
and
‖S(χB)χΩ\supp g2‖ = ‖
(
g2 − S(χB)
)
χΩ\supp g2‖
≤ ‖g2 − S(χB)‖(3.8)
<
ε
6
(by (3.5)).
Now we define the operator R : c0 −→ Y as follows
R(x) = S(xχA)χsupp g1 + S(xχB)χsupp g2 (x ∈ c0).
Since Y is a Banach function space and S ∈ L(c0, Y ), R is well defined and belongs
to L(c0, Y ). The operator R is positive since S is positive. By using Lemma 3.1, for
any element x ∈ Bc0 we have that
‖(R− S)(x)‖ = ‖S(xχA)χΩ\supp g1 + S(xχB)χΩ\supp g2 + S(xχC)‖
≤ ‖S(χA)χΩ\supp g1‖+ ‖S(χB)χΩ\supp g2)‖+ ‖S(xχC)‖
<
ε
3
+ η <
ε
2
(by (3.7), (3.8) and (3.2)).
As a consequence
(3.9) ‖R− S‖ <
ε
2
and
∣∣‖R‖ − 1∣∣ < ε
2
,
so R 6= 0.
We put T = R
‖R‖
. The operator T is positive since R is positive. Of course
T ∈ SL(c0,Y ). Now we estimate the distance from T to S as follows
‖T − S‖ ≤ ‖T − R‖+ ‖R− S‖
<
∥∥∥ R
‖R‖
− R
∥∥∥+ ε
2
(by (3.9))(3.10)
=
∣∣1− ‖R‖∣∣+ ε
2
< ε (by (3.9)).
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The element u0 given by u0 = χB − χA + x0χC belongs to the unit sphere of c0
since x0 ∈ Sc0. It also satisfies
(3.11) ‖u0 − x0‖ ≤ η < ε.
Since g1 and g2 have disjoint supports, Y is a Banach function space and R is a
positive operator, we also have that
‖R(u0)‖ = ‖S(−χA)χsupp g1 + S(χB)χsupp g2‖
= ‖S(χA)χsupp g1 + S(χB)χsupp g2‖
= ‖R(χA∪B)‖ = ‖R‖.
Hence the operator T also attains its norm at u0. In view of (3.10) and (3.11) the
proof is finished.

Corollary 3.3. The pair (c0, Y ) has the Bishop-Phelps–Bolloba´s property for posi-
tive operators, for any uniformly monotone Banach lattice Y. Moreover, the function
η satisfying Definition 2.1 depends only on the modulus of uniform monotonicity of
Y .
Proof. By using the same argument of Corollary 2.6, in view of Theorem 3.2, we
obtain the statement when Y is a uniformly monotone Banach lattice with a weak
unit. Notice also that in Theorem 3.2 the function η appearing in Definition 2.1
depends only on the modulus of uniform monotonicity of the Banach function space
on the range.
Assume now that Y is a uniformly monotone Banach lattice with modulus of
uniform monotonicity δ. Since c0 is separable, if T ∈ L(c0, Y ), the space T (c0) is
also separable. It is well known that the Banach lattice X generated by T (c0) is a
separable Banach lattice of Y and so, it also satisfies the definition of uniform mono-
tonicity with the function δ. By [9, Lemma 3, p. 367] X has a weak unit. By the
previous arguments, the pair (c0, X) satisfies the Bishop-Phelps–Bolloba´s property
for positive operators with a function η depending only on δ. As a consequence, the
pair (c0, Y ) also has the Bishop-Phelps–Bolloba´s property for positive operators. 
Kim proved that the pair (c0, Y ) has the Bishop-Phelps-Bolloba´s property for
operators when Y is uniformly convex (see [15, Corollary 2.6]). Notice that the
previous result is a version of that result for positive operators.
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4. Results are optimal when the range is strictly monotone
Our intention now is to show that under some mild assumption on the range space,
Corollaries 2.6 and 3.3 are optimal. For this end we need some preliminary results.
Lemma 4.1. Let M,N and Y be normed spaces. Assume that T ∈ L(M ⊕∞ N, Y )
and m+ n ∈ SM⊕∞N satisfy that ‖n‖ < 1 and ‖T (m+ n)‖ = ‖T‖. Then ‖T (m)‖ =
‖T‖.
Proof. If we put t = ‖n‖, then 0 ≤ t < 1. In case that t = 0 it is clear that T attains
its norm at m. Otherwise 0 < t < 1, the element m+ 1
t
n belongs to the unit sphere
of M ⊕∞ N and
m+ n = (1− t)m+ t
(
m+
1
t
n
)
.
Since ‖T (m + n)‖ = ‖T‖, and the function x 7→ ‖T (x)‖ is convex on M ⊕ N , we
conclude that ‖T (m)‖ = ‖T‖. 
Next result is probably known, but we did not find a reference in the literature
and we include it for the sake of completeness.
Proposition 4.2. Let Y be a Banach lattice. The following conditions are equiva-
lent.
1) Y is uniformly monotone.
2) For every 0 < ε < 1, there is η(ε) > 0 satisfying
u ∈ Y, v ∈ SY , 0 ≤ u ≤ v and ‖v − u‖ > 1− η(ε) ⇒ ‖u‖ ≤ ε.
3) For every 0 < ε < 1, there is η(ε) > 0 satisfying
u, v ∈ Y, 0 ≤ u ≤ v and ‖v − u‖ > (1− η(ε))‖v‖ ⇒ ‖u‖ ≤ ε‖v‖.
Moreover, if 2) is satisfied, Y is uniformly monotone with δ(ε) = η(ε2). In case that
Y is uniformly monotone with δ(ε) conditions 2) and 3) are satisfied with η(ε) =
δ(ε)
1+δ(ε).
Proof. 1) ⇒ 2)
Assume that Y is uniformly monotone with δ(ε). Assume that 0 < ε < 1 and u and
v are elements in Y such that
‖v‖ = 1, 0 ≤ u ≤ v and ‖v − u‖ > 1− η(ε) = 1−
δ(ε)
1 + δ(ε)
.
BISHOP-PHELPS-BOLLOBA´S PROPERTY 15
Put x = v − u, y = u. So x, y ≥ 0 and
‖x+ y‖ = ‖v‖ = 1 = (1 + δ(ε))
( 1
1 + δ(ε)
)
= (1 + δ(ε))
(
1−
δ(ε)
1 + δ(ε)
)
< (1 + δ(ε))‖v − u‖
= (1 + δ(ε))‖x‖.
Hence from uniform monotonicity of Y we conclude ‖u‖ = ‖y‖ ≤ ε‖x‖ ≤ ε.
2) ⇒ 3)
Trivial
3) ⇒ 1)
Assume that 0 < ε < 1, x ∈ SY , y ∈ Y satisfy that x, y ≥ 0 and ‖x+y‖ ≤ 1+δ(ε) =
1 + η(ε
2
). Put u = y, v = x+ y. So 0 ≤ u ≤ v and
‖v − u‖ = ‖x‖ = 1 >
(
1− η
(ε
2
))(
1 + η
(ε
2
))
≥
(
1− η
(ε
2
))
‖x+ y‖
=
(
1− η
(ε
2
))
‖v‖.
Hence from the assumptions we conclude ‖y‖ = ‖u‖ ≤ ε
2
‖v‖ ≤ ε
2
(1 + η(ε
2
)) ≤ ε.
So Y is uniformly monotone with δ(ε) = η(ε2). 
Proposition 4.3. Let X be a Banach lattice, M and N be non zero Banach sub-
lattices of X such that X = M ⊕∞ N and the canonical projections from X to M
and N are positive operators. If Y is a strictly monotone Banach lattice and the
pair (X, Y ) has the Bishop-Phelps–Bolloba´s property for positive operators then Y
is uniformly monotone.
Proof. We will show that Y satisfies condition 2) in Proposition 4.2. Let 0 < ε < 1.
Let take elements u and v in Y such that
0 ≤ u ≤ v, ‖v‖ = 1 and ‖v − u‖ > 1− η(ε),
where η is the function satisfying the definition of BPBp for positive operators for
the pair (X, Y ).
Since M and N are non zero Banach sublattices, there are positive elements m0 ∈
SM and n0 ∈ SN . By using Hahn-Banach theorem for Banach lattices and positive
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elements (see [18, Theorem 39.3]), there are positive functionals m∗0 ∈ SM∗ and
n∗0 ∈ SN∗ such that m
∗
0(m0) = 1 = n
∗
0(n0).
Let P and Q be the canonical projections from X to M and N, respectively.
Consider the operator S from X to Y given by
S(x) = m∗0(P (x))(v − u) + n
∗
0(Q(x))u, (x ∈ X).
Since v− u and u are positive elements in Y, the functionals m∗0 and n
∗
0 are positive
on M and N, respectively, and the projections P and Q are positive operators on
X, then S is a positive operator from X to Y .
By using the assumptions on X, the fact that the functionals m∗0 and n
∗
0 belong to
the unit sphere of M∗ and N∗ respectively, since v − u and u are positive elements
in Y, for any element x ∈ BX we have that
‖S(x)‖ ≤ ‖‖P (x)‖(v − u) + ‖Q(x)‖ u‖
≤ ‖v‖ = 1.(4.1)
Since m0 + n0 ∈ SX and S(m0 + n0) = v ∈ SY , we deduce that S ∈ SL(X,Y ). Notice
also that ‖S(m0)‖ = ‖v−u‖ > 1−η(ε). By using that the pair (X, Y ) has the BPBp
for positive operators and Remark 2.2, there exist a positive operator T ∈ SL(X,Y )
and a positive element x1 ∈ SX satisfying
‖T (x1)‖ = 1, ‖T − S‖ < ε and ‖x1 −m0‖ < ε.
If we write m1 = P (x1) and n1 = Q(x1), since ‖n1‖ = ‖Q(x1−m0)‖ ≤ ‖x1−m0‖ <
ε < 1, from Lemma 4.1 we conclude that ‖T (m1)‖ = 1.
Since T and P are positive operators and x1 is a positive element in X, we have
that
1 = ‖T (m1)‖ ≤ ‖T (m1 + n0)‖ ≤ 1.
By using that Y is strictly monotone we obtain that T (n0) = 0. As a consequence,
‖u‖ = ‖S(n0)‖ = ‖(S − T )(n0)‖ ≤ ‖S − T‖ < ε.
In view of Proposition 4.2 we proved that Y is uniformly monotone. 
As a consequence of Proposition 4.3 and Corollaries 3.3 and 2.6 we deduce the
following result, which is a version of the one obtained by Kim that asserts that
a Banach space Y is uniformly convex whenever it is strictly convex and the pair
(c0, Y ) has the Bishop-Phelps–Bolloba´s property for operators ([15, Theorem 2.7]).
It is worth to point out that a Banach lattice is strictly monotone whenever it is
strictly convex. Analogously uniform convexity implies uniform monotonicity (see
[14, Theorem 1], for instance). Notice that the converse results do not hold since
BISHOP-PHELPS-BOLLOBA´S PROPERTY 17
every L1(µ) such that dimL1(µ) > 1 is uniformly monotone, but it is not strictly
convex.
Corollary 4.4. 1) Let Y be a strictly monotone Banach lattice. Then the pair
(c0, Y ) has the BPBp for positive operators if and only if Y is uniformly mono-
tone.
2) Let µ be a positive measure such that dimL∞(µ) > 1 and let Y be a strictly
monotone Banach lattice. If the pair (L∞(µ), Y ) has the BPBp for positive
operators, then Y is uniformly monotone. In case that Y has a weak unit the
converse is also true.
References
[1] Y.A. Abramovich and C.D. Aliprantis, An invitation to operator theory, Graduate Studies in Mathematics, 50,
American Mathematical Society, Providence, RI, 2002.
[2] M.D. Acosta, Denseness of norm attaining mappings, RACSAM. Rev. R. Acad. Cienc. Exactas F´ıs. Nat. Ser. A
Mat. 100 (2006), 9–30.
[3] M.D. Acosta, On the Bishop-Phelps-Bolloba´s property, preprint, 2019.
[4] M.D. Acosta, R.M. Aron, D. Garc´ıa and M. Maestre, The Bishop-Phelps-Bolloba´s theorem for operators, J. Funct.
Anal. 254 (2008), 2780–2799.
[5] M.D. Acosta and J.L. Da´vila, A basis of Rn with good isometric properties and some applications to denseness of
norm attaining operators, preprint, arXiv:1811.08387v1 [math.FA].
[6] M.D. Acosta, J.L. Da´vila and M. Soleimani-Mourchehkhorti, Characterization of the Banach spaces Y satisfying
that the pair (ℓ4
∞
, Y ) has the Bishop-Phelps-Bolloba´s property for operators, J. Math. Anal. Appl. 470 (2019),
690–715.
[7] M.D. Acosta, D. Garc´ıa, S.K. Kim and M. Maestre, The Bishop-Phelps-Bolloba´s property for operators from c0
into some Banach spaces, J. Math. Anal. Appl. 445 (2017), 1188–1199.
[8] M.D. Acosta and M. Soleimani-Mourchehkhorti, Bishop-Phelps-Bolloba´s property for positive operators between
classical Banach spaces, preprint.
[9] G. Birkhoff, Lattice theory, American Mathematical Society Colloquium Publications 25, American Mathematical
Society, Providence, RI, 1973.
[10] E. Bishop and R.R. Phelps, A proof that every Banach space is subreflexive, Bull. Amer. Math. Soc. 67 (1961),
97–98.
[11] B. Bolloba´s, An extension to the theorem of Bishop and Phelps, Bull. London. Math. Soc. 2 (1970), 181–182.
[12] F. F. Bonsall and J. Duncan, Numerical ranges II, London Mathematical Society Lecture Notes Series, No. 10,
Cambridge University Press, New York-London, 1973.
[13] M. Chica, V. Kadets, M. Mart´ın, S. Moreno-Pulido and F. Rambla-Barreno, Bishop-Phelps-Bolloba´s moduli of a
Banach space, J. Math. Anal. Appl. 412 (2014), 697–719.
[14] H. Hudzik, A. Kamin´ska and M. Mastylo, Monotonicity and rotundity properties in Banach lattices, Rocky
Mountain J. Math. 30 (2000), 933–950.
[15] S.K. Kim, The Bishop-Phelps-Bolloba´s theorem for operators from c0 to uniformly convex spaces, Israel J. Math.
197 (2013), 425–435.
[16] S.K. Kim, H.J. Lee and P.K. Lin, The Bishop-Phelps-Bolloba´s property for operators from L∞(µ) to uniformly
convex Banach spaces, J. Nonlinear Convex Anal. 17 (2016), 243–249.
[17] J. Lindenstrauss and L. Tzafriri, Classical Banach spaces II. Function spaces, 97, Springer-Verlag, Berlin, 1979.
[18] A.C. Zaanen, Introduction to operator theory in Riesz spaces, Springer-Verlag, Berlin, 1997.
18 M.D. ACOSTA AND M. SOLEIMANI
Universidad de Granada, Facultad de Ciencias, Departamento de Ana´lisis Matema´tico, 18071
Granada, Spain
E-mail address : dacosta@ugr.es
School of Mathematics, Institute for Research in Fundamental Sciences (IPM), P.O. Box: 19395-
5746, Tehran, Iran
E-mail address : m-soleimani85@ipm.ir
